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Optimum placement of post-1PN gravitational wave chirp templates made simple
at any match level via Tanaka-Tagoshi coordinates
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A simple recipe is given for constructing a maximally sparse regular lattice of spin-free post-1PN gravita-
tional wave chirp templates under a given minimal-match constraint, using Tanaka-Tagoshi coordinates. Car-
dinal interpolation among the resulting maximally sparse templates is discussed.
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[. INTRODUCTION differences between the signal and the temgl@ieThe re-
sulting partially maximized overlap is called tmeatch is
Gravitational wavechirps emitted by compact binary denoted byM(h,g), and is a function of the source and
stars in their adiabatic inspiral phase will be primary targetdemplateintrinsic parameters onlye.g., at 2.5PN order, the
for the early operation of broadband laser-interferometric debinary companion masses, spin-spin and spin-orbit param-
tectors such as TAMA300, GEO600, the Laser Interferometeters. The minimum-overlap condition rephrases obviously

ric Gravitational Wave Observatof.IGO) and VIRGO[1].  into the following minimal-match prescription:
These signals have been thoroughly studied and accurately
modeled[2]. VheS, 3dgel:M(h,g)=T, 1.3

The maximum-likelihood strateg}3] for detecting sig-
nals of known shapgexcept for a set of unknown param- whereS is the set of admissible signals.
eters in additive stationary colored Gaussian noise consists Discussion will be henceforth restricted to the 2D param-
in correlating the data with a seét={g;} of possible ex- eter space of spin-free chirp-waveforms, in view of the wide-
pected waveformgtemplatey and using the largest cor- spread present consensus that these should be adequate for
relator as a detection statisfig]. The mentioned correlators the early operation of interferometric detectpgs.

are the(noise-weightefscalar products In the following we shall denote &S the (2D, spin-freg
parameter-space point corresponding to wavefgrmVe

fs df shall also denote agr(G) the match contour line, whose
(a,g)=2 ffi a(f)g*(f)H(f) te.c, (1.9) points represent the set of waveforinsuch thatM(h,qg)

=TI", and asS;(G) the 2D region bounded by (G), rep-
where (;,fs) is the antenna spectral windoa(f)=nh(f) resenting the set of wavefornissuch thatM (h,g)=T".
+n(f) are the noise-corruptedpectral data,h(f) is a(pos- The template sef\ ={G;} should satisfy the following
sibly null) signal,n(f) is a realization of the antenna noise basic requirements. First of alla) the minimal-match con-
with (one-sidedl power spectral densit (f), g(f) is atem-  dition (1.3) should be met, which rephrases into
plate, and c.c. denotes complex conjugation.

The issue of optimum placement of the templates in the UiSr(Gj) 22, (1.9

waveform parameter space is more or less obviously a cru-
cial and still open one, and has been addressed by seveihereX is the image ofS, i.e. the subset of the waveform

authors[4—8]. parameter-space corresponding to admissible sources. Picto-
At fixed false-alarm probability, the detection probability rially, Eq. (1.4) means that the patch&(G;) should cover
is an increasing function of theverlap the whole seB without leaving holes. At the same tim)
the template seA should be choseas much sparse as pos-
(h,9) sible, so as to minimize the overall number of templates, and
o(h,g)= [h[]-1|g]] <1 (1.2 hence the detection threshold level, for any prescribed false-

alarm probability[ 3].
between the signah and the templatg, where the norm It might be further desirabléc) to deal with a setA
[Jul|=(u,u)¥2 The template set should be designed in forming a regular(or piecewise-regulargrid, for computa-
such a way that, for any admissible sigrialthe overlap tional ease.

never drops below a prescribed vallie which can be im- A further template-placement requirement is also worth
mediately related to the fraction (AI'®) of potentially ob- mentioning. When covering. with (regularly spaced or
servable sources which might be missed [@jt patch-wise regularly spacetemplates, a certain amount of

The overlap can be readily maximized with respect to thecemplate spillover beyondZ, is unavoidable. The post-1PN
(unknown but irrelevantinitial-phase and coalescency-time spin-free waveform parameter-space sulsebrresponding
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to admissible sources, for which,;,<m;<m,<m,.x, iIsa template placement issue at low minimal-match levels is fur-
three-vertex curved-side 2D domain. Spillover across théher complicated by the fact that the match contour lines
m;=m, boundary line of® (equal-mass boundary liness a  yr(G) besides varying wittG are no longerelliptical. For
true penalty and thug(d) should be kept to a minimum. This this reason, the procedure expoundedid] can only be
is not the case for the other two boundary lineSofwhere  validated by extensive Monte Carlo trials.
points beyond’>, could well correspond tpossible(though In this paper we present a possible way to get rid of all the
unlikely) sources. above difficulties and limitations, by capitalizing on the re-
At large values of the minimal match, e.g. typically markable properties of the post-1PN waveform parametriza-
M(h,g)=I = 0.97, as prescribed for a single-step searcHion introduced by Tanaka and Tago$hb], and further dis-
strategy[8], the match is very well approximated bygaa-  cussed in[17]. We accordingly introduce a simple and
dratic function [7] of the distance betweeld andG in pa-  Systematic procedure to set up an optimum template-lattice
rameter space, and th@pproximate match contour lines [18], which closely satisfiesill conditions(a), (b) and (c)
yr(G) are ellipses. However when using post 1PN orderabove, atany prescribed minimal-match levél9].
waveforms(which will be required in a one-step search to  The paper is organized as follows. In Sec. Il the Tanaka-
achieve the prescribddrge minimal-match level§6]), asG =~ Tagoshi parametrization and its relevant properties, including
moves throughouk, the above ellipses rotate and stretch asthe main features of the match contour lines, are briefly in-
an effect of thentrinsic nonzero curvature of,. troduced. In Sec. Il our optimum template placement proce-
An effective procedure for constructing a 2D spin-freedure is exposed in detail. In Sec. IV the gain achievable by
post-1PN template set appropriate to this case has been fgrardinal interpolation among these optimally placed tem-
mulated in[8], as a generalization of the 1PN strategy intro-plates is discussed. Conclusions follow in Sec. V.
duced in[7]. The simplest rectangular-cell template lattice is

chosen, and the span of templa®e [i.e. the set of points Il. TANAKA-TAGOSHI PARAMETRIZATION
representing waveforms for whicM(h,g;)>M(h,g;),V] OF POST-1PN WAVEFORMS

#i]is accordingly taken as the largest rectangle inscribed in ) ) ) )

the minimal-match contour line/(G;). In order to mini- The Tanaka-Tagoshi transformatif20] is a linear one-

mize spillover across the equal-mass boundary lin€&pf to-one mappingr € 2 —F e 7 between the(2D, spin-free,
while optimizing template placement for equal-mass sourcepost-1PN admissible waveform parameter spateand a
(which are credited to be most abundfh®]), the algorithm  globally flat manifold 7 such that(i) the ratio
is started by placing a sufficient number of templates along

the equal-mass boundary line. The nearest-neighboring tem- M(h,g)— M(E,a)’
plates are placed in such a way that the boundaries of their €= M(h,g) ’
rectangular spansuchwithout intersecting. As a result is '

covered with a set of patches, each of which is a stack of negligibly small(typically of the order of 10% [17]) and

equal-width rectangles, whose height changes according t&) M(R.g) dependsonly on thedistancebetweerfl and

the shear or stretch of the ellipticad- contour lines. The : C .
current release o6RrRASP [11] implements a similar proce- [.16]' The Tgnaka-Tagosh| construction Is effective for all
first generation interferometef47].

re, resulting in a relatively straightforward templ lace- . .
dure, resulting in a refatively straightforward template place Clearly, property(i) above allows us to solve the optimum

ment algorithm. ) .
As already noted i8] the above algorithm isiot opti- template placement problem in tigéobally flat manifold 7,

mal; i.e., it does not necessarily satisfy requirem@mt in DY finding a setA ={G;} C 7 such that
view of its a priori restriction to rectangular cell42]. 5

The template placement issue becomes even more com- UiSr(G;) D7 (2.2
plicated at low minimal-match levelge.g., typically I

=0.7) as prescribed in the first stepof hierarchical search  On the other hand, propertji) implies that the setSy(G;)

strategle_s. n mu_Itl-step h|era_rch|cal searchesingle tem' areidentical up to trivial translations. This means th&tC 7
plate latticeA designed to achievelarge I" throughout, is ;

d he f W th I s a globally uniform template lattice, featuring eegular
constructed. In the first step only the correlators corresponc{jrid of nodes, agny prescribed minimal-match level.
ing to a suitablydecimatedsubset ofA are computed, cov-

ering > at alower minimal-match level. In the second step, o , )
only a limited number of correlators, corresponding to a fewA Constant match contour lines in Tanaka-Tagoshi coordinates

nondgcimatt_ad subse_ts of, need to be actua!ly com_puted, The match contour lineg(G) in the (dimensionless
covering suitable neighborho@ of the candidate signals Tanaka-Tagoshispin-free waveform parameter-space coor-
discovered in the first step. Multi-step hierarchical searchyinates &,.,X,) have different geometrical features, depend-

strategies should allow a sizable reduction in the require(ﬂﬁIg on the value of". In Fig. 1 the inverse of the curvature

computing power[13-15. Mohanty [14] formulated a . ~. .
simple strategy for evaluating the lattice decimation stepsradlusPV of yr(G) is displayed as a function of the polar

(taken as constant throughout extended patches of the JatticBNgle¢ aroundG for several representative valuesloffor
for a post-1PN template lattice. Also in this case, howeverLIGO-I at 2.5PN order. The contour lineg- are also shown

requirementb) will be most certainly violated. By itself, the in the insets, wheréx; =x(©)—x().

(2.1
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FIG. 1. Match contour lines in Tanaka-Tagoshi coordinates. Curva[pjra)f vyr Vs polar anglep (LIGO-I, 2.5PN.

In the limit asI"—1 the contour linegy are asymptoti-
cally circular andp;1 is almost constant. See, e.g., the
=0.99 contour line in Fig. 1, top left.

In a rangel'™* <I"<1, the contour lineg deviate from
circular, but still remainglobally convex For LIGO-I, I'*

~0.9225. Correspondingly,p;1 remains non-negative
throughout a full rotation aroun6. See, e.g., th& =0.93
contour line in Fig. 1, top right.

For I'<I'*, the y contour lines areo longer globally

more and more turning points throughout a full rotation

aroundG. See, e.g., thd'=0.875 contour line in Fig. 1,
bottom right.

For all values of", the surface&S-(G) has always a center
of symmetry inG.

IIl. OPTIMUM TEMPLATE PLACEMENT

In the following we shall discuss the optimum template
placement strategy for each of the above-mentioned

convex In a rangel''<I'<I'*, they consist simply of two minimal-match ranges. Optimum here and henceforth means
convex[21] arcs and two concave ones joining smoothly, tothat requirement$a), (b) and(c) discussed in Sec. | will be

form a “peanut” shape. See, e.g., tlhe=0.914 contour line

in Fig. 1, bottom left. For LIGO-I,I'"~0.9109. AsT is

decreased below'!, the contour lines become more and

strictly satisfied 19].

A. Asymptotic I'—1 limit

more complicated, as more and more bumps and dents ap- In the asymptotic limif"— 1, the match contour lines are

pear. Correspondingly, the boundary curvat;an;e1 exhibits

circular. Rotational symmetry of the match contour lines im-
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FIG. 2. Triangular, square and hexagonal tilings and pertinent Voronoi sets.

plies that the templates should sit at the verticesegllar B. RangeI'>T*
polygons in the waveform parameter space. These regular

* R ~
(open polygons should besides make ufregulay tiling of In the rangel'>1"", the contour linesyr(G) are no

. . longer circles, but stilglobally convexand center symmet-
the (Tanaka-Tagoshiplane[22], and hence can only be tri- . " cjear symmetry being lost, we shall still seek the

angles, squares or hexagons. Lebe one such polygon and o sest template collocation subject to Bj2) among the
{G;} its vertices. The sparsest templates satisfying(B®  non-regular, but still center-symmetriopen p-gons @

are such that the circlegr(G;) touch at asingle point P,  =3,4,6,) with all vertices onyr, which tile the Tanaka-
which is obviously the center of symmetry Of This means Tagoshi plane.

that the curvey(P) goes through all thé;’s. Hence, the It ma_kes sense to compare for t?;)s case the template-span
templates should be located at the vertices of a regular tri(Voronm sel measuresareas '“[(\4/) l. p=346, to .t.he
angle, square or hexagon inscribed in a cirgje template-span measufarea w[Vy’] of the square tiling

The obvious question is which polygonhestin terms of [26] pertinent to the naivébut usual approximation of cir-

the total number of templates needed to cover theCular match contour lines. The ratios

admissible-waveform parameter spa@ein the Tanaka- [ V)]
Tagoshi plane. Clearly, the best polygon will be the one for p= @ p=3,4,6, 3.2
which the spanof each(and any template has the largest u[V5”]

measurdarea [23].

The span(or, in more technical language, the Voronoi set?® displayed in Fig. 3 as functions bf for LIGO-I. Not

-~ N _ o~ unexpectedly, the triangular tiling is once more the best. This
[24)) of G; is the set of pointsH for which M(h,gi)  conclusion is valid for all first generation antennas, and the
>M(h,g;), Vj#i, which are the images in the Tanaka- pertinent values of ; have been collected in Table I.
Tagoshi plane of those waveforrhswhich will be detected

using templateg; . The Voronoi sets are shown shaded in 2r
Fig. 2, for the(regulaj triangular, square and hexagonal til- i p =3 (cont.)
ings of the(Tanaka-Tagoshiplane[25]. 18 | p = 4 (dashes )
A choice can be made on the basis of a comparison i p = 6(dots)
among the measuréarea$ of the pertinent Voronoi sets. Let 1.6 .
w(-) denote the measurarea, UP the p-gonal tiling cell, i
andV(P the corresponding Voronoi set. It is readily seen that 14
[26] S
) ® il S S
VT g0037, MY o 6aos10. 3.1) ] R P
p[V®)] p[V®)] tE )
08 ...
The triangular tiling is thus seen to be the best choice, yield- T e
ing a gain in terms of template-span ©f30%, whereas the 0.6 - | | | | | |

hexagonal one features a loss-085%, with respect to the
simples square tiling27].

The triangulartiling yields a templatéattice whose fun-
damental domairilattice cel) is a parallelograni18]. Only FIG. 3. The ratios ,,p=3,4,6 relevant to E¢(3.2) as functions
three vertices of any lattice cell belong to a single cupye of I' (LIGO-I, 2.5PN.

097 0975 098 0985 099 0.995 1.
r
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TABLE I. The ratiorg, Eq. (3.2, for first generation interfer-

ometers al"=0.97. Q’
Antenna ra 6
TAMA300 1.58
LIGO-I 1.43
GEO600 1.58 ~
VIRGO 1.38 P
C. RangeI'<rI* P’

By an argument of continuiti.e. since the match contour e 5
lines corresponding t&"<I'* can be obtained from those  FIG. 5. The butterfly-shaped setPGQ'UQGP’)NS(G)
corresponding td">T"* by continuous transformationsve ~ (LIGO-I, 2.5PN,I'=0.875).
shall still seek the optimum tiling of Tanaka-Tagoshi plane ] ] ] ]
using the(open triangles with(all) vertices ony. How- The maximum-area triangular tiles subject to the con-
ever, the match contour lines being no longer globally conStraint(2.2), are shown in Fig. 6, for several valueslofin
vex, thelargest-areatriangle inscribed iny;: doesnot nec-  the range 0.%I'<1 (note that different scales are used in
essarily cope with Eq2.2), as e.g. exemplified in Fig. 4.  the figure, for better readability The lattice cell measure

One should accordingly seek three poiél;son Vp yield- corresponding to the optimum triangular tile is displayed in

. T e~ . Fig. 7 as a function of’, together with the number of tem-
ing the largest-area riangl8,G,G,, subject 10 Eq(2.2.  piates needed to cover the companion-mass rangd .2
The minimal-match conditiofi2.2) is equivalent to

=m;=<m,<10M, for a number of representative minimal-
match values.

C-ui[CNsSH(G)I=12, (3.3
where C is the (parallelogram fundamental domain of the IV. CORRELATOR BANK ECONOMIZATION VIA
lattice corresponding to a given triangular tiling. Condition CARDINAL INTERPOLATION

(3.3 Is most easily checked, involving only four patct&s In recent papers it has been shown that a sensible reduc-

Let P,P",Q,Q" the points(ordered, e.g., counterclock- qn (~759 for 1PN and higher-PN-order templatés the
wise) where yr- and its convex-hul[28] detach, shown in,mper of correlators to be computed in order to achieve a
Fig. 5. One can readily prove that two vertices of the soughhescribed minimal-match can be obtained using cardinal in-
optimum triangular tile, says,, G, should be sought on terpolation, thanks to the quasiband-limited property of the
the arcPP’ (or QQ’) of yr, while the third should be match function[29,30. These results were obtained under
sought on the ar®Q’ (respectivelyPP'). It is also readily ~the simplest assumption of a square-cell template lattice.

proved that the lattice vect@,G,, after a trivial translation Two obvious questions are now in ordé: whether and
o o L = ) to what extent cardinal interpolation is still effective when
making its midpoint coincident witls, should be contained

T W, STIDE - using the optimum triangular tiling discussed in the previous
in the butterfly-shaped regio®PGQ’' UQGP’) N Sr(G) de-
picted in Fig. 5.

r=0.90

FIG. 4. Inscribed triangle with largest area does not necessarily
cope with minimal-match condition foF <I'* (LIGO-I, 2.5PN, FIG. 6. Optimum triangular tilings and template lattices for sev-
'=0.9). eral values ofl" (LIGO-I, 2.5PN.
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FIG. 7. Lattice-cell area corresponding to optimum triangular ~ FIG. 8. Cardinal-interpolation gaittemplate density reduction
tiling and number of templates needed to cover the rang#@.2 factor and minimal-match bogstfor optimum triangular tiling
<m;<m,<10My vs minimal match(LIGO-I, 2.5PN. (LIGO-I, 2.5PN.

reduction due to cardinal interpolation when using dipi-
mumtriangular tiling, times a factor=1.43 expressing the
template density reduction implied in using the optimum tri-
angular tiling instead of the simplest square one.

sections[31], and (ii) whether and to what extent cardinal
interpolation is still useful at relatively low values, as
needed in the early st&p of hierarchical searches. Numeri-
cal simulations have been run to clarify both issues.

In Fig. 8 the template density reducti¢82] obtained by
cardinal interpolation among optimally placed templates is V. CONCLUSIONS

displayed as a function of the prescribed minimal mdich We presented a simple and systematic procedure for con-
In the inset of Fig. 8, théboosted minimal-match values girycting the sparsest lattice of templates subject to a given
obtained after cardinal interpolation among the optimallyyinimal-match constraint in the range frofi~1 down to

placed templates corresponding to a number of represent@—mo_”and below in the (spin-freé Tanaka-Tagoshi param-

tive values ofl” are also listed. eter space of post-1PN gravitational wave chirps.

At I'=0.97 a template density reduction2.79 is ob- We also showed that cardinal interpolation can be effec-
tained. The apparent discrepancy between this value and thge for correlator-bank economization both in the late and

one reported irf30] is readily explained. The template den- g4y stagés) of multi-step hierarchical searches.
sity required to achieve a prescribed minimal match when

using cardinal interpolation is essentially independent from
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[17] for details. finally switching back to the original coordinates.

[21] Convex(concavé arc here means that tiiepen segment be- [32] The template-density reduction factor is defined here as the
tween the arc end points is completely included(iespec- ratio between the areas of theptimal) triangular tiles yielding
tively, external t9 Sy . the same minimal match with and without cardinal interpola-

[22] A (polygona) tiling of R? is a countable family oflopen tion.
polygonsU;, which (i) are disjoint andii) are such that their [33] See, e.g., J. R. Higgin§ampling Theory in Fourier and Sig-
closures coveR?. In aregulartiling all tiles U; are congruent, nal Analysis(Clarendon Press, Oxford, 199&hap. 14.
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